ON SOME CHARACTERIZATIONS OF 
RULED SURFACE OF A CLOSED TIMELIKE 
CURVE IN DUAL LORENTZIAN SPACE 

Ozcan BEKTA§ * Siileyman §ENYURT * 

Abstract 

In this paper, we investigate the relations between the pitch, the an- 
gle of pitch and drall of parallel ruled surface of a closed curve in dual 
Lorentzian space. 
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1 Introduction 

Dual numbers were introduced by W.K. Clifford (1849-79) as a tool for his geo- 
metrical investigations. After him E. Study used dual numbers and dual vectors 
in his research on the geometry of lines and kinematics [4] . The pitches and the 
angles of the pitches of the closed ruled surfaces corresponds to the one param- 
eter dual unit spherical curves in space of lines IR 3 were calculated respectively 
by Hacisalihoglu [7] and Gursoy [5]. Definition of the parallel ruled surface were 
presented by Blaschke (translated by Erim [3]). The integral invariants of the 
parallel ruled surfaces in the 3-dimensional Euclidean space E 3 corresponding 
to the unit dual spherical parallel curves were calculated by Senyurt [11]. The 
set ID = {A = A + eA* | A, A* E IR, e 2 = } is called dual numbers set [2]. 
On this set product and addition operations are respectively 

(A + eA*) + (/3 + e/T) = (A + (3) + e (A* + (3*) 

and 

(A + eA*) (/3 + ep*) = A/3 + e (A/?* + A*/3) . 

ID 3 = {I = ^ + e~ct* \ ~ct, ~ct* e IR 3 | the elements of ID 3 are called dual 
vectors . On this set addition and scalar product operations are respectively 
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© : ID 3 x ID 3 -> ID 3 
p,^) -> ^©^ = lt + t + e (it* + 

Q: ID x ID 3 ^ ID 3 

(A, X) -> A ^ = (A + eA*) © + e**) = A* + e (\lt* + A**) 

The set (ID 3 , ©) is a module over the ring (ID, +, •). (ID - Modul). 
The Lorentzian inner product of dual vectors G /.D 3 is defined by 

with the Lorentzian inner product it = (01,02,03) and b = (bi,b 2 ,b 3 ) E IR 3 

-aifei + a 2 b 2 + a 3 6 3 . 

Therefore, II? 3 with the Lorentzian inner product is called 3-dimcnsional 

dual Lorentzian space and denoted by of ID 3 = = * + it* E 77?? | 

[14] ' 

A dual vector X = it + sit* E ID 3 is called A dual space-like vector 
if > or A = 0, A dual time- like vector if < , A dual 



it J 



null(light-likc) vector if (XT) = for ~t ^ . For ~t ^ 0, the 
^ = it + £ ** G ID 3 is defined by 



norm 



2 



of 



1 



= 11*11 



, Htf||*o. 



11*11 



The dual Lorentzian cross-product of G iX> 3 is defined 

with the Lorentzian cross-product it , 6 G /i? 3 



as 



— > 



a A b = (a 3 b 2 - a 2 b 3 ,a 1 b 3 - a 3 6 1 ,ai6 2 - a 2 6i) [14]. 

Theorem(E. Study): The oriented lines in are in one to one correspondence 
with the points of the dual unit sphere where ID-Modul , see [9]. 

Dual number $ = + eip* is called dual angle between A ve B unit dual 
vectors. In this place 



sinh (p + e(p*) — sinht^ + e<p* cosh ip and cosh (ip + sip*) — cosh ip + eip* sinh ip. 
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2 ON SOME CHARACTERIZATIONS OF RULED 
SURFACE OF A CLOSED TIMELIKE CURVE 
IN DUAL LORENTZIAN SPACE (iDf) 

= 1 is a diffcrcntiablc timelike curve in the one parameter 

dual unit spherical motion K/K'. The closed ruled surface (if) corresponds to 

this curve in IR 3 . 

Let the dual orthonormal system of curve U =U\ (t) as 



cfi = cf(t) , t 2 



#'(*) 

ll^wll 



if 3 = ifl A if 2 



Let t{t)hc a closed timelike curve with curvature k = ki + ek\ and torsion 
r = k 2 + ek~2 . Let Frenet frames of if (t) be jt/i, L^, In this trihedron, 



?7i is timelike vector , [7 2 and U3 are spacelike vectors. For this vectors, we can 
writc 

U 1 AU 2 = -U 3 , U 2 AU a =Ui , J7 3 A ?7i = -C/ 2 (2.1) 

where A is the Lorentzian cross product, in space ID\. In this situation, the 
Frenet formulas are given by 

Jh=nlf 2 , Zf 2 ' = kU[ - rlf 3 , i% =tT? 2 ,[15]. (2.2) 
If the last equation is separated into the dual and real part, we can obtain 

U 1 = k{u 2 
~u 2 = fci u 1 — ^2^3 
u' 3 = k 2 lt 2 
Ttl' = k^lt 2 + hlt 2 
11 '2 = kilt 1 - k^lts 
it^ = k 2 ^2 + k 2 lt* 2 

The Frenet instantaneous rotation vector for the timelike curve is given by 

t = tC^-k£^,[13]. (2.4) 
In this situation for the Steiner vector of the motion, we may write 

/) = d * (2.5) 



(2.3) 



k\lt I — k 2 u 3 



or 



1$ = if 1 I rdt - if 3 <P * 



( _ ■ 3 y ndt 



(2.6) 
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The equation (12.61) can be written type of the dual and real part as follow 

{d = it i § k 2 dt — its § kidt, 
d* = lt*§ k 2 dt + lti§ k* 2 dt -~%t\§ kidt -~tt 3 f kfdt 



(2.7) 



Now, let is calculate the integral invariants of the closed ruled surfaces respec- 
tively. The pitch of the closed surface is obtained as 



L Ui = - j k* 2 dt. (2.8) 
For the dual angle of the pitch of the closed surface , we may write 

Because of the equation (|2.6p we can obtain 



A Ul = j rdt. (2.9) 
If the equation (|2.9[) is separated into the dual and real part, we can obtain 

\ Ul =£k 2 dt , L Ui = - I k* 2 dt (2.10) 
For the drall of the closed surface , we may write 

p _ (d^dTii*) 

Ul {dui, du[) 

Setting by the values of the statements du[ and du\* as the equations (|2.3[) into 
the last equations, we get 

PiH = J- (2-11) 
The pitch of the closed surface is obtained as 

Lu 2 = 0. (2.12) 
For the dual angle of the pitch of the closed surface , we may write 



A 



u 2 



Au 2 = 0. (2.13) 
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For the drall of the closed surface , we may write 

Setting by the values of the statements du2 and du2* as the equations (|2.3[) into 
the last equations, we get 



P 



Uo 



k 2 - k 2 



(2.14) 



The pitch of the closed surface is obtained as 
L Ua = I'd* 



d*,U3) 



k*dt (2.15) 
For the dual angle of the pitch of the closed surface , we may write 

Because of the equation (|2.6I) we can obtain 



A Us = j ndt (2.16) 
If the equation (|2.16[) is separated into the dual and real part, we can obtain 

\ Ua = j)kidt , L U3 = - j> k{dt (2.17) 
For the drall of the closed surface , we may write 

(d4,d^ 3 *) 



P 



Us 



{du 3 ,du 3 ) 

Setting by the values of the statements dut, and du3* as the equations (|2.3p into 
the last equations, we get 



P 



u 3 



(2.18) 



Let Q (t) = uj (t) + euj* (£)be Lorentzian timelike angle of between the instanta- 
neous dual Pfaffion vector W and the vector U3. 
a)If the instantaneous dual Pfaffion vector ^ is spacelike (\k\ > |r|) 



cosh fl 



sinh il 



On the way 



~c? + sc*. unit vector about the vector $ direction is 
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~d = sinh flU'i- cosh QU' 3 (2.19) 
If the equation (|2.19[) is separated into the dual and real part, we can obtain 



c = sinh uiui — cosh uju^ 

if* = sinhwMi* — coshiou^* + uj* coshwut — uj* sinhajwl 



The pitch of the closed surface is obtained as 



(2.20) 



Lc = cosh u) <j> k*dt — sinh uj <j> k\dt— 

— uj* ^cosh uj <j> k2dt — sinh ui <j> k\dt^j (2.21) 
If we use the equations (|2 . 10[) and (|2.17l) into the equation (|2.21[) we get 



Lq — sinhwL^ 



coshwi. 



uj* (coshwAuj — s\nhuj\ U3 ) 



(2.22) 



For the dual angle of the pitch of the closed ruled surface , we may write 

Ac = -(U,Z>) 
Because of the equations (I2.6[) and (|2.19l) we can obtain 

Ac = sinh VL <j> rdt — cosh i7 <j> ndt (2.23) 

If we use the equations (12.91) and (I2.16|) into the last equations, we get 

A c = sinh il k Vl - cosh il A Us (2.24) 
For the drall of the closed surface , we may write 

c {d^, if) 



Pr 



-ui'ui* + (ki sinh a; — k% cosh a;) [(k* — k2UJ*) sinhw + (k\UJ* — cosht 



(fci sinhw — ki coshw) 



(2.25) 



b)If the instantaneous dual Pfaffion vector ^> is timelike (|k < |r|) 



V sinh 



r = W cosh fi 



G 



On the way if = ~~& + , unit vector about the vector ^> direction is 

if = cosh W[ ~ sinh fllf 3 (2.26) 
If the equation (|2.26[) is separated into the dual and real part, we can obtain 

{~cf = coshwut — sinhwitl 
~cf* = coshwut* — sinho>it3* + w* sinh ami — us* coshwul ' 

The pitch of the closed surface is obtained as 

Lc = (a, ~c*) + (a*,~£ 



Lc = sinhw <j) k*dt — coshw <j> k 2 dt— 

— uj* ^sinhw j> k 2 dt — cosh a; (j> k\dt^j (2.28) 
If we use the equations (12.10)) and (|2.17p into the equation (12.21)) we get 

Lc = coshwLuj — smhu)L U3 — uj* (sinhwA Ul — coshwA U3 ) (2.29) 
For the dual angle of the pitch of the closed ruled surface , we may write 

Ac = -(IU) 
Because of the equations (12.6[) and (|2.19l) we can obtain 

Ac = cosh il <j> rdt — sinh Q <j> ndt (2.30) 

If we use the equations (|2.9p and (|2 . 16)) into the last equations, we get 

A c = cosh VL A u± - sinh A U3 ( 2 -31) 
For the drall of the closed surface , we may write 

° (<f?,<r?> 

uj'uj* + (ki coshw — k 2 sinhw) [(k* — k 2 uj*) coshw + (kiuj* — sinhw] 

C = ". 2 

(ki sinh uj — k 2 cosh uj) — uj' 2 

(2.32) 

Definition:The closed ruled sur face (if) corresponds to the dual timelike curve 
if (t) which makes the fixed dual angle $ = ip + etp* with U (t) and defines by 
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\? = cosh <w[ + sinh ®Us (2.33) 

This surface ( V) corresponds to dual timelike vector V is called the parallel 
ruled surface of surface (u) in dual lorentzian space ID\. 

Let be Differentiating of the vector V\ with respect the parameter 

and using the equation (|2.3[) we get 



Vy = (k cosh $ + r sinh $) U% 
If the norm of the vector denotes by P, we get 

~P = k cosh $ + r sinh $ 



(2.34) 
(2.35) 



Then if is known that 

Substituting by the values of the equations (|2.34[) and (|2.35|) into , we get 

Va = U\ (2.36) 

Then, fort he vector , we get 

V3 = -sinh <S>u\- cosh $E/^ (2.37) 
If the equation (|2.33[) , (|2.36|) and (12.371) are written matrix form, we have 



or 











A. 




\u\- 













cosh $ sinh $ 

1 
- sinh $ - cosh $ 



cosh $ 
1 
- sinh $ 



sinh$ 


- cosh $ 





-ut] 




— » 
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(2.38) 



(2.39) 



If the equation ()2.39j) is separated into real and dual parts, we get 
u x = cosh tp v\ + smh<plts 

^2 = 

its — ~ sinh (pit i — cosh (^Va 

it* = coshcplt* + smhiflts + ip* (sinh (plti + coshiplts) 
lt* 2 = lt* 2 _ ' ^ 

1? 3 = — sinh iy9^| — cosh (pv^ ~ <f>* (cosh <p~v\ + sinh (pits) 



(2.40) 



Let be curvature P = p+£f>*and torsion Q = q+eq* of curve V (t). Between the 
vectors Vi, and the derivate vectors Vi , , V3 there is following relat 



ion 
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p=v^W >, Q=^rj^"\ m (2 - 41) 

<Vi ,Vi > 

If the equation (|2.41[) is separated into the real and dual parts, we can write 

— > ' — > -¥ ' -4 — > -+ ' -» 

5* = ^+P*j2, (242) 
^3* =9^ + 9*^2 

Now, we can calculate the value of Q relative to K and r. Derivative the equation 
(|2.34l) with respect to the parameter an of making the recesiory operations we 
may write 

v'\ =(k 2 cosh$ + kt sinh$)^i + 

+ (ft cosh $ + rsinh$) U 2 + (-KTCOsh$ - r 2 sinh$) U 3 

Substituting by the equations (|2~35|) , PTM|> and (gTjg} into the equation (f2Hj) , 
we get 

Q = —k sinh $ - r cosh $ (2.44) 

The equations (|2.35[) and (|2.44[) are separated into the dual and real parts, we 
have 

p = ki cosh ip + sinh </? 

p* = k\ cosh ^ + fc| smn ¥' + ¥'* (fa. smn + fa cosh tp) , . 

q = —fci sinh — ^2 cosh </? 

q* = — fc* sinh tp — k\ cosh ip — ip* (kx cosh 95 + &2 sinh y>) 

In the dual unit spharical motion K/K' , the dual orthonormal system j Vi, V2, V3T 
each time t is make a dual rotation motion around the instantaneous dual Pfaf- 
fion vector. This vector is determined the following equation 

* = QV[ - P\? 3 , [13] (2.46) 
For the Steiner vector of the motion, we can write 

D = (2.47) 

or _^ 

D = Vi I Qdt - V^ 3 <j> Pdt (2.48) 

Setting by the values of the vectors U± and U3 as the equations (|2.40[) into the 
equations (|2.4[) . we get 

* =-Q\{ + P^ 
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In this case, we consider the last equation and equation (|2.46p . we can write 

(2.49) 

Because of the equations D — § w and D — § \1/ we can obtain D = —D . 
Then, for the dual Steiner vector of the motion, we may write 

~6 = -Vi j> Qdt + % I Pdt (2.50) 

It is separated into the dual and real part as 
j ~cl = —l^i <f> qdt + 1?3 <f> pdt, 



d* = —ifi § q*dt — if* <f> qdt + if 3 <f> p*dt + lf 3 § pdt 



(2.51) 



Now, let is calculate the integral invariants of the closed ruled surfaces respec- 
tively. The pitch of the closed surface is obtained as 



Vx = { d,v$*) + ( d*,vt ) , 



L Vl = <J> q*dt. (2.52) 
Substituting by the value into the equation (|2.52p 

Ly ± = — smb. <p <j> k\dt — cosh ip <j> k^dt— 

— <p* ^cosh ip <j> k\ dt + sinh ip <j> k2dt^j . (2.53) 

or 

Ly x = coshyi Ui + smh<pL u — ip* (sinh(pX u + cosh (fX U3 ) . (2-54) 
For the dual angle of the pitch of the closed ruled surface , we may write 

Because of the equation (|2.50[) we can obtain 

A Vl = - j> Qdt. (2.55) 
Substituting by the equation (|2.44l) into the last equation, we get 
Avi = sinh $ <r> ndt + cosh $ <r> rdt 



or 

Avi = cosh $Au x + sinh $Ac/ 3 (2.56) 
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If the equation (|2.56[) is separated into the dual and real part, we can obtain 
( X Vl =cosh<^A Ui 4-sinh^A„ 3 

[_ L Vl = cosh(pL u + sinh^?i u — (p* (sinh</?A Ul + cosh<^A U3 ) 
For the drall of the closed surface , we may write 



Pi 



Vi 



(dvi, dv{) 



Setting by the values of the statements dvt and dvt* as the equations (|2.42l) 
into the last equations, we get 

P Vl = — (2.58) 
V 

Setting by the values of p and p* as the equations (|2.45[) into the last equations, 
we get 

p k\ cosh ip + fc| sinh ip ^ „ k\ sinh ip + k2 cosh (p ^ 
1 k\ cosh ip + k2 sinh ip k\ cosh <p + k2 sinh ip 

Theorem 2.1: Let (Vi) be the parallel surface of the surface (Ui). The pitch, 
drall and the dual of the pitch of the ruled surface (Vi) are 

l-)L Vl = jq*dt 2-)A Vl =- j>Qdt 3-)P Vl = V —. 

Corollary 2.1: Let (Vi) be the parallel surface of the surface (U\). The pitch 
and the dual of the pitch of the ruled surface (Vi) related to the invariants of 
the surface (Ui) are written as follow 

1— )Ly 1 = cosh(pL Ui + svah(pL Us — ip* (smhipX Ui + cosh<^A U3 ) 

2— )Avj = cosh^Auj + sinh$A(7 3 

The pitch of the closed surface (V2) is obtained as 

L V2 = (2.60) 
For the dual angle of the pitch of the closed ruled surface (V2), we may write 

A V2 =-(^,vt N 
Because of the equation (|2.32p we can obtain 

Ay 2 = (2.61) 
For the drall of the closed surface (V2), we may write 

V2 (dvZ, duf) 
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Setting by the values of the statements dv 2 and dv2* as the equations (|2.24l) 
into the last equations, we get 

qq* - pp* 

P V2 = — — (2-62) 

q z — p z 

Setting by the values of p,p*,q and q* as the equations (|2.45l) into the last equa- 
tions, we get 

k 2 k 2 — kik* 

p V2 = p p (2-63) 

Theorem 2.2: Let (Vi) be the parallel surface of the surface (Ui). The 
pitch, drall and the dual of the pitch of the ruled surface (V2) are 

l-)L V2 = 2-)Ay 2 = 3-)Py 2 = qq 9 - PP . 

q A — p z 

The pitch of the closed surface (V3) is obtained as 



Ly 3 = j p*dt (2.64) 
Substituting by the value into the equation (|2.64l) 

Ly 3 = cosh ip <j> k*dt+shxh(p J) k' 2 dt + ip* (smh ip <j) k\dt+ cosh ip <j> k 2 dt) (2.65) 
or 

Ly 3 — — smhipL Ui — cosh<pL„ 3 + ip* (cos\np\ Ul + sva)npX U3 ) (2.66) 
For the dual angle of the pitch of the closed ruled surface , we may write 

Because of the equation (|2.50p we can obtain 

A Va = -Ipdt. (2.67) 
Substituting by the equation (|2.35l) into the last equation, we get 
Ay 3 = — cosh $ <£> ndt — sinh $ <j> rdt 



or 

Ay 3 = -sinh^A;/! - cosh$Ac/ 3 (2.68) 
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If the equation (|2.68[) is separated into the dual and real part, we can obtain 



A, 



sinh (p\ Ul — cosh tp\ v 



L V3 = — smhipL Ul — coshipL U3 + ip* (coshipA Ul + sinh tpA U3 ) 
For the drall of the closed surface , we may write 



(2.69) 



Pi 



v 3 



Setting by the values of the statements dv^ and dv% * as the equations f|2 .42[) 
into the last equations, we get 

— (2.70) 



Setting by the values of gand q* as the equations (I2.45|) into the last equations, 
we get 



-k\ sinh if — k,2 cosh tp 
-k\ sinh ip — /c2 cosh (p 



ki cosh ip + k2 sinh <p 
-ki sinh tp — k2 cosh ip 



(2.71) 



Theorem 2.3: Let (Vi) be the parallel surface of the surface {Ui). The pitch 
, drall and the dual of the pitch of the ruled surface (V3) are 



1-)L 



v 3 



p*dt 



2-)A 



v 3 



Ipdt 



3-)P 



v 3 



'L 
<i 



Corollary 2.2: Let (Vi) be the parallel surface of the surface (Ui). The pitch 
and the dual of the pitch of the ruled surface (V3) related to the invariants of 
the surface (Ui) are written as follow 

1 — )Ly 3 = — sinh (pL Ul — coshipL U3 + ip* (cosh ipX Ul +smhtpA U3 ) 
2-)Av 3 = -sinh^A^ -cosh$A[/ 3 
Let 0(i) = 9(t) + e6*(t) be Lorentzian timelike angle of between the instanta- 



neous dual Pfaffion vector and the vector 



a) If the instantaneous dual Pfaffion vector ^ is spacelike (|P| > |Q|) 



cosh 6 



Q 



sinh Q 



— i 



-3* 



On the way C = c + e c * , unit vector about the vector ^ direction is 

C =sinhevt-cosh6^ (2.72) 

Setting by the values of the vectors Vi and V3 as the equations (j2.38[) into the 
equation (|2.72p . we get 



C = (sinh 9 cosh $ + cosh 9 sinh $) Ui + (cosh 9 cosh $ + sinh 9 sinh U3 
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C = sinh (6 + $) Ui + cosh (G + $) C/ 3 (2.73) 
If the equation (|2.72[) is separated into the dual and real part, we can obtain 



c = sinh 9v\ — cosh Ovt, 

~c* = sinh 9Ut* - coshOvt* + 0* cosh6>^ - 0* smhOv% 



(2.74) 



The pitch of the closed surface is obtained as 



Setting by the values of the statements d and d * as the equations (|2.51[) into 
the last equations and if we do the necessary operations , we get 

%= -coshfl (j>p*dt+smh0 j> q*dt+9* ^coshfl j> qdt - sivh.9 j> pdt^j (2.75) 
If we use the equations (|2.52[) , (|2.64l) into the equation (|2.75p we get 

L-jj = smh9Ly 1 — cosh 6*Ly 3 + 9* (— cosh^Avi + sinh^Ay,) (2.76) 

If we use the equations (|2.57|) and (I2.69|) into the equation (I2.76|) and necessary 
operations have been done, we get 

= sinh (9 + ip) Lu 1 + cosh (9 + ip) Lu 3 — 

- Qp* + 9*)(oo^(e + ip)X Ul +wah(e + (p)Xu 9 ) (2.77) 

For the dual angle of the pitch of the closed ruled surface , we may write 

Ac = -{3>c) 
Because of the equations (|2.21|) and (|2.T1[) we can obtain 

Ap = - sinh 6 fQdt + cosh 6 f Pdt (2.78) 



If we use the equations (j2.55[) and (|2.67l) into the last equations, we get 

= sinh 9 A Vl - cosh 9 Ay 3 (2.79) 
If we use the equations (|2.56j) and (|2.68[) into the equations (|2.79j) , we get 

Ap = sinh (6 + $) A ni + cosh (9 + $) A Us (2.80) 
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For the drall of the closed surface , we may write 



d c , d~c" 
d c , d~c 



Pc = 



-6' 6*' + (psinh.0 - q cosh 9) [(p* - q6*) sinh0 + (p6* - q*) cosh0] 



[p sinh 9 — q cosh ( 



0/2 



(2.81) 



b)If the instantaneous dual Pfaffion vector $ is timelike (|P| < |Q|) 



P 



sinh , Q 



cosh 6 



— ► — ► 



On the way C = c + e c * , unit vector about the vector '5 direction is 



C =coshe^-sinheV^ (2.82) 

Setting by the values of the vectors V\ and V3 as the equations (I2.38|) into the 
equation (12. 82[) . we get 



C = (cosh cosh $ + sinh 8 sinh $) U\ + (sinh 9 cosh $ + cosh sinh $) C/ 3 



C = cosh (6 + $) C/i + sinh (6 + $) C/ 3 (2.83) 
If the equation (|2.82j) is separated into the dual and real part, we can obtain 



f c = cosh6»wt - sinh6»U3 , . 

1 * = cosh 0^* - sinh 0^* + 0* sinh 0u£ - <?* cosh 0«£ 

The pitch of the closed surface is obtained as 



-3* 



Setting by the values of the statements d and d * as the equations (|2.51|) into 
the last equations and if we do the necessary operations , we get 

= -sinh0 <j) p*dt+cosh9 j> q*dt+9* fsinh0 j> qdt - cosh 9 <j> pdt^j (2.85) 



or 



Ljj = cosh9Ly 1 — smh8Ly 3 + 9* (— sinh.0Avi + cosh0Av 



(2.86) 
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If we use the equations (|2.57|) and (|2.69|) into the equation (j2.86[) and necessary 
operations have been done, we get 



= cosh(# + <p)Lu 1 + sinh(0 + +(p)Lu 3 — 

- {iff* + 0*)(sinh(0 + ^Xu, + cosh(6> + v )Xu a ) (2.87) 



Att=-< ll C 



For the dual angle of the pitch of the closed ruled surface , we may write 

Because of the equations (12.501) and (|2.82p we can obtain 

Ap = - cosh 6 j> Qdt + sinh 9 j> Pdt (2.88) 

If we use the equations (|2.55|) and (|2.67l) into the last equations, we get 

= cosh 6 Avi - sinh 9 Ay 3 (2.89) 
If we use the equations (12.57)) and (|2.68p into the equations (I2.89|) , we get 

A^r = cosh (9 + $) A Vl + sinh (9 + $) A U3 (2.90) 
For the drall of the closed surface , we may write 



P-, 



d~c , d c * 



d c ,d c 



p _ _ Q'6*' + (pcoshfl - gsinh 6) [( P 6* - <f) sinh6> + (p* - g0*) coshfl] 
C ~ (pcosh6»-gsinh6») 2 + 6l' 2 
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